Abstract. We show that the Friedlander-Mazur conjecture holds for a sequence of products of projective varieties such as the product of a smooth projective curve and a smooth projective surface, the product of two smooth projective surfaces, the product of arbitrary number of smooth projective curves. Moreover, we show that the Friedlander-Mazur conjecture is stable under a surjective map. As applications, we show that the Friedlander-Mazur conjecture holds for the Jacobian variety of smooth projective curves, uniruled threefolds and unirational varieties up to certain range.
Introduction
In this paper, all varieties are defined over the complex number field C. Let X be a complex projective variety of dimension n.
We denote by Z p (X) the space of algebraic p-cycles on X. Let Ch p (X) be the Chow group of p-cycles on X, i.e., Ch p (X) = Z p (X)/{rational equivalence}. The Lawson homology L p H k (X) of p-cycles for a projective variety is defined by
where Z p (X) is provided with a natural topology (see [4] , [13] ). It has been extended to define for a quasi-projective variety by Lima-Filho (see [15] ) and Chow motives (see [11] ). For the general background, the reader is referred to Lawson' survey paper [14] . In [8] , Friedlander and Mazur showed that there are natural transformations, called Friedlander-Mazur cycle class maps
for all k ≥ 2p ≥ 0.
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Recall that Friedlander and Mazur constructed a map called the s-map
such that the cycle class map Φ p,k = s p (see [8] ). Explicitly, if α ∈ L p H k (X) is represented by the homotopy class of a continuous map f : S k−2p → Z p (X), then Φ p,k (α) = [f ∧S 2p ], where S 2p = S 2 ∧· · ·∧S 2 denotes the 2p-dimensional topological sphere.
Set
For simplicity, the map Φ p,k ⊗ Q : L p H k (X) Q → H k (X, Q) is also denoted by Φ p,k . It was shown in [8, §7 ] that the subspaces T p H k (X, Q) form a decreasing filtration (called the topological filtration):
and T p H k (X, Q) vanishes if 2p > k.
Denote by C p H k (X, Q) ⊆ H k (X, Q) the Q-vector subspace of H k (X, Q) spanned by the images of correspondence homomorphisms φ Z : H k−2p (Y, Q) → H k (X, Q), as Y ranges through all smooth projective varieties of dimension k − 2p and Z ranges all algebraic cycles on Y × X equidimensional over Y of relative dimension p.
Denote by G p H k (X, Q) ⊆ H k (X, Q) the Q-vector subspace of H k (X, Q) generated by the images of mappings H k (Y, Q) → H k (X, Q), induced from all morphisms Y → X of varieties of dimension ≤ k − p.
The subspaces G p H k (X, Q) also form a decreasing filtration (called the geometric filtration):
It was shown by Friedlander and Mazur that (1.2) T p H k (X, Q) = C p H k (X, Q) ⊆ G p H k (X, Q) holds for any smooth projective variety X and k ≥ 2p ≥ 0. Friedlander and Mazur proposed the following conjecture which closely relates Lawson homology theory to the Grothendieck Standard conjecture B in the algebraic cycle theory. Conjecture 1.3 (Friedlander-Mazur conjecture, [8] ). Let X be a smooth projective variety. Then one has
It has been shown in [5] that the Grothendieck Standard conjecture B holds for all smooth projective varieties implies that the Friedlander-Mazur conjecture holds for all smooth projective varieties. The inverse implication has been shown in [3] . However, it is still an open problem at this moment whether the Grothendieck Standard conjecture B holds for X and the Friedlander-Mazur conjecture holds for X are equivalent or not for a given smooth projective variety X.
The Friedlander-Mazur conjecture holds for smooth projective varieties of dimension less than or equal to two but it remains open for threefolds in general. However, it has been verified for some cases in dimension three or above. For example, it holds for cellular varieties for which the Lawson homology are shown to be the same as the singular homology (see [13] , [15] ); it holds for general abelian varieties (see [5] ) or abelian varieties for which the generalized Hodge conjecture holds (see [1] ); it holds for smooth projective varieties for which the Chow groups in rational coefficients are isomorphic to the corresponding singular homology groups in rational coefficients by using the technique of decomposition of diagonal (cf. [17] ). It was also shown to hold for threefold X with h 2,0 (X) = 0 (see [9] ). It also holds for any abelian threefold. This and a survey of these materials, including its relation to the Grothendieck Standard conjecture B and the Generalized Hodge conjecture, can be found in the appendix of [10] .
The main purpose in this paper is to show that the Friedlander-Mazur conjecture holds for a sequence of projective varieties. In Theorem 2.6 the Friedlander-Mazur conjecture is shown to hold for the product of a smooth projective curve and a smooth projective surface. In Theorem 2.7, the Friedlander-Mazur conjecture is shown to hold for the product of two smooth projective surfaces. In Theorem 2.11, the Friedlander-Mazur conjecture is shown to hold for the product of arbitrary number of smooth projective curves. We also show that the Friedlander-Mazur conjecture is stable under the surjective morphism (see Proposition 3.2). As a corollary, we show that the Friedlander-Mazur conjecture holds for all Jacobian varieties of smooth projective curves and the moduli space of stable vector bundles of coprime rank and degree over any smooth projective curve. We show that the Friedlander-Mazur conjecture holds for uniruled threefolds and smooth unirational varieties of arbitrary dimension in certain range of indices. We also observe that the motivic invariants can not be used to distinguish rational varieties and the unirational varieties.
Friedlander-Mazur conjecture
In this section we will show that the Friedlander-Mazur conjecture holds for the product of a smooth projective curve and a smooth projective surface, the product of two smooth projective surfaces. For a smooth projective threefold X, the surjection of the cycle class map
is equivalent to a positive answer to many questions including the Grothendieck standard conjecture B in the algebraic cycle theory. Then we apply the idea further to prove that the FrielanderMazur conjecture holds for the products of smooth projective curves. Proposition 2.1. Let X = C × S, where C is a smooth projective curve and S is a smooth projective surface. Then Φ 1,4 :
The first proof of Proposition 2.1. Since X = C×S, we have a map Z p (C)∧Z q (S) → Z 1 (C × S) = Z 1 (X) for nonnegative integers p, q such that p + q = 1, where ∧ is the smash map. This map induces a map of Lawson homology 
Now for α ∈ H 4 (X, Q), by Künneth formula we can find
Since k + l = 4 and 0 ≤ k ≤ 2, there are the following cases:
( [4] ) are isomorphisms, we have
Hence there exist c
maps to an element (still denote by c
Therefore, by the commutative diagram in Equation (2.1) we get an element
This completes the proof of the surjectivity of Φ 1,4 .
Remark 2.2. The idea of the proof of Proposition 2.1 can be traced to [14, p.195] , where the topological, geometric and Hodge filtrations of the product of n elliptic curves are studied. We remark that the idea of the proof there for the coincidence of the topological, geometric and transcendental Hodge filtrations works only for the cases k ≥ p + n, where k is the homological dimension and p is the dimension of the cycles.
Remark 2.3. From this proof we see that Φ 1,4 :
The second proof of Proposition 2.1. Let X be any smooth projective threefold such the Grothendieck standard conjecture B holds. That is, the inverse Λ of the Lefschetz operator L :
is surjective for all k ≥ 4. Now taking X = C × S, we see that X is smooth projective threefold satisfying Grothendieck standard conjecture B since the conjecture holds in dimension less than three and is stable under products (see [12] ). Therefore,
Corollary 2.4. Let X be the product of a smooth projective curve C and a smooth projective surface S, then the Friedlander-Mazur conjecture holds for X.
Proof. Note that for any smooth projective threefold X, the Friedlander-Mazur conjecture has been proved to hold except for "
holds for X by the definition of the geometric filtration and
This completes the proof of the corollary.
Remark 2.5. As a comparison, the Generalized Hodge conjecture is still open even for the product of three smooth projective curves.
The following result is a concrete description of the Friedlander-Mazur conjecture in dimension three, which is a summary of known examples of threefolds X such that the Friedlander-Mazur conjecture holds for X. Such examples include abelian threefolds, the product of a smooth projective curve and a smooth projective surface (see Corollary 2.4). Theorem 2.6. Let X be a smooth projective varieties of dimension three. If the Grothendieck standard conjecture B holds for X, then Friedlander-Mazur conjecture holds for X.
Proof. By [9, Remark 1.13], the Friedlander-Mazur conjecture
holds for X except for p = 1, k = 4. By the same argument as in the second proof of Proposition 2.1, we obtain that L 1 H 4 (X) Q → H 4 (X, Q) is surjective under Grothendieck standard conjecture B for X. This completes the proof of the theorem.
The next result says that the Friedlander-Mazur conjecture for the product of two smooth projective surfaces. Theorem 2.7. Let X be the product of two smooth projective surfaces S 1 and S 2 , then the Friedlander-Mazur conjecture holds for X.
Proof. For p = 0, by the Dold-Thom theorem and the Weak Lefschetz theorem, we get the statement "
follows from Friedlander's computation of Lawson homology for codimension one cycles (see [4] ).
For p = 2, the statement "
Another proof of the last statement can be obtained in a similar way from the first proof of Proposition 2.1.
For p = 1, as above, the statement "
Moreover, the equality
for k ≥ 5 follows from the arguments in the proof (iv) ⇒ (i) of Proposition in [3, §2.2] or by a direct check as that in Proposition 2.1.
The remain case is the statement "
, which is proved in the following proposition whose proof may have independent interest. Once it has been proved, we complete the proof of the theorem. Proposition 2.8. Let X be the product of two smooth projective surfaces S 1 and S 2 . Then we have the equality "
Proof. The proof is given in the following steps.
Step 1. Let V ⊂ S 1 × S 2 be a smooth irreducible variety of dimension 3. Then at least one of the composed maps
then the generic fiber of p 1 has dimension 2 and hence all fiber has dimension 2 (by upper semi-continuity). Since V is irreducible, the image
Hence, in this case all the fibers are S 2 and hence p 2 is surjective. Now let p 2 : V → S 2 be a surjective map. We claim that V is birational to a smooth irreducible equi-dimensional variety V over S 2 .
Since V is birational to V , they can connected by a sequence of blow ups and blow downs. If σ : V → V is a blow up, then we have a composed morphismĩ : V → X from the σ and i : V → X. Clearly the image ofĩ * : H 4 ( V , Q) → H 4 (X, Q) is the same as that of i * : H 4 (V, Q) → H 4 (X, Q) since σ * is surjective. On the other hand, ifσ : V → V is a blow down, then one can define a correspondence Γ V ⊂ V × X by taking the closure of {(x, x) ∈ V × X|x ∈ U}, where U ⊂ V is the maximal open set such thatσ is an isomorphism. Note that Γ V is the image of Γ V , i.e., one has the following commutative diagrams
That is, for α ∈ H 4 (V ), we have
by using the projection formula. Hence, the image of H 4 (V, Q) under i * is the same as that under the action of Γ V . Since the image of (Γ V ) * = i * :
span the same homology group in H 4 (X, Q), it is enough to choose those smooth projective varieties V ⊂ S 1 × S 2 which are equidimensional over S 2 .
By the weak factorization theorem we obtain that i * (H 4 (X, Q)) coincides with (Γ V ) * (H 4 (X, Q)) for any smooth projective V birational to V .
Step 2. If V ⊂ S 1 × S 2 is a singular variety of dimension 3, we can find a smooth projective V ′ such that V ′ → V is a morphism. By the same reason as that in the smooth case, either the composed map p
) (from Deligne mixed Hodge theory), it is enough to consider smooth varieties V ′ such that the morphism V ′ → X maps V ′ birationally to its image on X. Now we apply to V ′ as in the smooth case, we find V ′ which is equidimensional over S 2 .
Step 3. Now by definition G 1 H 4 (X, Q) is spanned by all i * (H 4 (V, Q)) for all dim V = 3 and V ⊂ X. By the argument in Step 1-2, V can be chosen to be a smooth variety equidimensional over S 1 (resp. S 2 ). Now let Y = S be a hyperplane section of V , and V 1 (resp. V 2 ) be the fiber product S × S 1 V (resp. S × S 2 V ). Then V 1 (resp. V 2 ) is equidimensional over S 1 (resp. S 2 ) of relative dimension 1. Note that H 2 (S, Q) ։ H 4 (V, Q) by the weak Lefschetz theorem and the Poincaré duality. Now the correspondence action of the class of V 1 (resp. V 2 ) in S × X induces a homomorphism H 2 (S, Q) → H 4 (X, Q) which coincides with i * : H 4 (V, Q) → H 4 (X, Q) under the weak Lefschetz identification. To show this, let α ∈ H 4 (V, Q), then β = H · α ∈ H 2 (S, Q), where H is a hyperplane section in V and H· : H 4 (V, Q) → H 2 (S, Q) is injective. If we view α ∈ H 4 (V, Q)(resp. β ∈ H 2 (S, Q)) as its Poincaré duality in H 2 (V, Q) (resp. β ∈ H 2 (S, Q)), then we have i * S (α) = β and hence p * V (α)| S×X = p * S (β) = p * S (α |S ), where i S : S → V is the inclusion of the hyperplane section.
Under this setting we get
by apply the following Lemma 2.10 to Z = V 1 , T = S, X = S 1 and Y = S 2 . Hence by Equation (2.2), we obtain that the span of the image of i * (H 4 (V, Q)) coincides with the correspondence action of equidimensional cycles V 1 on S × X, where S is smooth surface. Therefore, G 1 H 4 (X, Q) ⊆ C 1 H 4 (X, Q) and hence G 1 H 4 (X, Q) = C 1 H 4 (X, Q) since C 1 H 4 (X, Q) ⊆ G 1 H 4 (X, Q) always holds. Recall that C 1 H 4 (X, Q) coincides with T 1 H 4 (X, Q) by Equation (1.2) . This completes the proof of the proposition once we prove the following Lemma 2.10. Remark 2.9. As a comparison, the (generalized) Hodge conjecture is still wildly open even for the product of two smooth projective surfaces, while the Grothendieck Standard conjecture B holds almost trivially for the product of two smooth projective surfaces.
The Equation (2.2) is a special case of the following useful lemma.
Lemma 2.10. Let X, Y be two smooth projective irreducible varieties and Z i − → X × Y be a smooth projective subvariety which is equidimensional over X of relative dimension k . Assume further there is a closed immersion j : T → Z of codimension k inducing a surjective map j * : H s (T, Q) → H s (Z, Q) on homology groups and
Z , where the P D Z :
is the Poincaré duality and the middle map is the pullback map on cohomology groups j * : H * (Z, Q) → H * (T, Q).
Proof.
Step 1: Special Case.
where in the last equality we view T × X Z as a closed subvariety in T ×Z, where T ×Z is a subvariety of T × X × Y . By our assumption, we have π
where we view both as elements in H * (Z, Q). In fact, by the following commutative diagram:
Note that we have the following commutative diagram
Step 2: General Case. For simplicity, we also denote the composed map
For α ∈ H s (Z, Q), the lemma is obtained from the following calculation
Here we use the assumption that j * is surjective on H s (T, Q)) (2.4) where the second last equality follows from the formula
and the following claim:
To see the claim, we write α = i α X,i × α Y,i and β = j β X,j × β Y,j from the Künneth decomposition. Here we use the convention that
Without loss of generality, we may assume each β Y,j has the same homological degree t. Under the assumption, we see that j β Y,j = 0 in H * (Y, Q). Because
where deg a means the homological degree of a, we have the following equation
The method in Proposition 2.8 can be used to prove the following result:
Theorem 2.11. Let M = C 1 × · · · × C n be the product of smooth projective curves C 1 , · · · , C n . Then the Friedlander-Mazur conjecture holds for M.
Proof. First we show "
is spanned by all the image i * (α) for i : V ⊂ M and i * :
Moreover, the span of the image of
is the same as a resolution of singularity of V and we can replace V by V which admits a surjective morphism to C i 1 × · · · × C i k−1 . Furthermore, by the generic smoothness of surjective maps, V can be modified to an equidimensional variety V ′ through monomial transform over
The proof of the general case that "
is similar. For k ≥ p + n, the proof is the exactly same as the case that p = 1. For
Then by the generic smoothness of surjective maps as above, we can find an equidimensional variety
Now by applying Lemma 2.10 to
This completes the proof of the theorem.
Surjective morphisms
In this section, we let M be the category of Chow motives with rational coefficients. For any smooth projective variety X over the complex number field C, we denote its Chow motive by h(X). Recall that Vial shows the following result.
Theorem 3.1 ( [19]
). Let f : X → B be a surjective morphism of smooth projective varieties over C. Then
h(B)(i) is a direct summand of h(X).
A natural question is that how does the Friedlander-Mazur conjecture behave under surjective morphisms. We have the following result which says that the Friedlander-Mazur conjecture respects surjective morphisms. 
Proof. By Theorem 4.7 in [11], we have
By Theorem 3.1,
, where we note that the choice of Leschetz motive L in [11] is the inverse to that in [19] . Since the singular homology also respects the direct sum decomposition of motives, the image of the natural transform Φ p,k on each summand of h(X) lies in the corresponding summand of its singular homology. Now by assumption, the Friedlander-Mazur conjecture holding for X means
for k ≥ 2p. Therefore, we have
This completes the proof of the proposition. Since f * commutes with the Lefschetz operator L : H k (X) → H k+2 (X), we have the following commutative diagram:
. In other words, the assumption that Λ X is algebraic implies that its components are algebraic.
Corollary 3.4. The Friedlander-Mazur conjecture holds for any Jacobian variety
for J(C) a Jacobian of a smooth projective curve C and k ≥ 2p ≥ 0.
Proof. By Theorem 2.11, we have
is a surjective morphism, we get the equality
Corollary 3.5. Let C be a smooth projective curve. Let M be the moduli space of stable vector bundles of coprime rank n and degree d over C. Then the FriedlanderMazur conjecture holds for M.
Proof. Note that there is surjective morphism for C m → M for some m ∈ Z + (see [2, §7] ), we get this result from Theorem 2.11 together with Proposition 3.2.
Unirational and uniruled varieties
Recall that a smooth projective variety X is called unirational if there is a positive integer n such that f : P n X is a dominant rational map.
Proposition 4.1. Let X be a smooth unirational variety of dimension n. Then we have
Similar results holds for if 1-cycles are replaced by codimension 2-cycles.
Proof. It has been shown in [11, Prop. 6.6] 
hom must be torsion elements. Since f is a finite map, the degree d in a positive integer. Hence the element α ∈ L 1 H k (X) hom satisfies that dα = 0. Since L 1 H k (X) hom is divisible for k ≥ 2 dim X (see [17, Prop. 3 .1]), we get α = 0. The proof for codimension 2 cycles is similar.
Remark 4.2. This is a generalization of a result in [11] , where either the dimension of X is not more than four or the group rational coefficient. A different method using the decomposition of diagonal can be found in [16] and [17] .
Given a smooth projective variety Y of dimension n − 2 and a point e ∈ Y , we put p 0 = e × Y and p 2 = Y × e, then take
Corollary 4.3. Let X be a unirational variety of dim X = n. Then the motive h(X) can be written as
where U a direct summand of a motive of the form ⊕Y + i , the Y i 's being smooth projective varieties of dimension equal to n − 2, a ∈ Z + and aL means the direct sum of L for a times.
Proof. Since X is unirational of dimension n, there exists a dominant rational map P n X. By a sequence of blow ups along codimension at least 2 smooth subvarieties, we can obtain a finite surjective morphism P n → X. By Theorem 3.1 we obtain that h(X) is a direct summand of h( P n ), which by the blow up formula is of the form
). Note that if the dimension of the blow up center is less than n − 2, the additional part generated by the blowup can also be written in the form h(Y )(−1), where Y is smooth projective and dim Remark 4.4. By Corollary 4.3, we observe that there is no big difference between the rationality and unirationality in the sense of Chow motives. More precisely, we are not able to determine whether a unirational variety X is rational or not through computing their invariants which are realizations of Chow motives, such as its singular homology group with rational coefficients, Chow groups with rational coefficients, Lawson homology groups with rational coefficients. That is, there exist two unirational varieties X, Y such that h(X) ∼ = h(Y ), where X is rational but Y is not.
Proof. Since X is unirational variety of dim X = n, there is a finite surjective morphism P n → X, where P n is a sequence of blow ups along codimension at least 2 smooth subvarieties. Since the statement "
" is a birational statement for a smooth projective variety Y (see [9] ), we have "
. Now the corollary follows from Proposition 3.2. The proof of the statement T n−2 H k (X, Q) = G n−2 H k (X, Q) is similar. This completes the proof of the corollary.
Recall that a smooth projective variety X of dimension n is called uniruled, that is, a there is a smooth projective variety Y of dimension n−1 such that f : P 1 ×Y X is a dominant rational map. Proposition 4.6. Let X be a smooth uniruled threefold. Then we have
Proof. Since P 1 ×Y X is a dominant rational map, we get a surjective morphism P 1 × Y → X by a sequence of blow ups
(see [9] ) and [7] ), we have
since Y is a projective surface (see [4] ). The last statement follows from the same reason as that in Proposition 4.1.
Now we turn to the Friedlander-Mazur conjecture for uniruled threefolds.
Corollary 4.7. Let X be a uniruled threefold. Then the Friedlander-Mazur conjecture holds for X. That is, T p H k (X, Q) = G p H k (X, Q) for all k ≥ 2p.
Proof. Since X is a uniruled threefold, there exists a smooth projective surface Y such that P 1 × Y X is a dominant rational map. By Corollary 2.4, T p H k (P 1 × Y, Q) = G p H k (P 1 × Y, Q). As in Proposition 4.6, we can find a finite surjective morphism P 1 × Y → X, where P 1 × Y → P 1 × Y is a sequence of blow ups at smooth centers. Since the the Friedlander-Mazur conjecture holds or not is a birational invariant statement for smooth projective varieties of dimension less than or equal to four (see [9] ), we have T p H k ( P 1 × Y , Q) = G p H k ( P 1 × Y , Q). Now for all k ≥ 2p, the equality T p H k (X, Q) = G p H k (X, Q) follows from Proposition 3.2. Now we introduce a notation "unirational map". A rational map f : X Y between two irreducible projective varieties X, Y of the same dimension is called a unirational map if f is a dominant map. Then Y is called a uni-X variety. For convenience, X is always chosen as a smooth projective variety. Note that it coincides with the notations of unirational (resp. uniruled) variety. The following result is a summarize of the result in this sections. for any integer k ≥ 2, so is for Y . If T 1 H k (X, Q) = G 1 H k (X, Q) holds for k ≥ 2, so is for Y . Similarly, if L n−2 H k (X) hom ⊗ Q = 0 for any integer k ≥ 2, so is for Y . If T n−2 H k (X, Q) = G n−2 H k (X, Q) holds for k ≥ 2, so is for Y .
Proof. By assumption, there is a dominant rational map f : X Y . By a sequence of blow ups along codimension at least 2 smooth subvarieties, we get a surjective morphismf : X → Y . Since L 1 H k ( X) hom ∼ = L 1 H k (X) hom ⊗ Q(see [9] ), which is 0 by assumption. By [11, Prop. 6 .6], we have dim Q L 1 H k (Y ) hom,Q ≤ dim Q L 1 H k ( X) hom,Q . Hence we have L 1 H k (X) hom ⊗ Q = 0.
Since the statement "T 1 H k (W, Q) = G 1 H k (W, Q)" is a birational statement for a smooth projective variety W (see [9] ), we have "T 1 H k ( X, Q) = G 1 H k ( X, Q)". Now the statment T 1 H k (Y, Q) = G 1 H k (Y, Q) follows from Proposition 3.2 and the fact f : X → Y is a surjective morphism.
The case of codimension 2 cycles is similar.
